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A Problem in the Free Vibration of
Stiffened Cylindrical Shells

Donarp McDoxarLp*
Lockheed Missiles & Space Company, Huntsville, Ala.

The paper presents an exact solution of the free vibration of a rib stiffened, freely supported,
circularly eylindrical shell. The edge forces of the curved panels between stiffeners are written
in terms of the edge deformations, which in turn are related geometrically to the centroidal
deformations of the ribs. Effects of eccentricity and finite width of the ribs are included. It
is shown that the motion of the structure is governed by just four second-order difference
equations in terms of the rib deformations as functions of the discrete variable r 1abelling the
ribs. The solution shows that for all modes the deformations are described by trigonometric
functions in the axial coordinate. Circumferentially, the rib deformations are governed by
elementary discrete trigonometric functions with argument m#r/n, in which m is an integer.
If there are n ribs, there are just n/2 unique values of m giving solutions to the difference
equations, but for each m there is an infinite number of natural frequencies with different
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meodal funetions.
on the natural frequencies.

The numerical solutions verify the possible importance of rib eccentricity
It is further demonstrated that effects of ribs cannot be general-

ized since they are heavily dependent on number, size, and eccentricity.

Nomenclature

= radius of the middle surface of a panel

cross-sectional area of a stiffener

coefficient matrix of the solutions to the panel
equations

= stiffener width

integration constants

h/a{l1/12(1 — »2)]12

vector of constants, C*

stiffener eccentricity

elastic and shear moduli of the material

Boolean shift operator

coefficient matrix in the force-deformation equa-
tions

= parameters in the G matrix

transformation matrix between the panel edge and
the stiffener centroid

panel thickness

EA((")"P =¢;

moments of inertia of a stiffener cross section

matrix with elements §;;( — 1)+

axial harmonic index number

elements of K

stiffness matrices of the complete shell, panel, and
stiffener

shell length

circumferential index

= panel stress resultants
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= stiffener stress resultants

number of stiffeners

stiffener number

root of the panel equations

vector of panel edge forces

time

panel middle surface deformations

vector of panel middle surface deformations and
rotation
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. cross section.

U,V,W = deformations of a stiffener centroid

U = vector of stiffener centroid deformations and rota-
tion

T,0,2 = panel coordinates

X,Y,Z = stiffener coordinates '

-, = jma/L

B,y = parameters in the solution to the panel equations

0 = axial rotation of a stiffener

ky,kz = shear constants

A2 = pw?a?(l — »2)/E

v = Poisson’s ratio of the material

p = mass density of the material

@i = half panel angular width

[+ = rotation of a normal to a panel middle surface about
the z axis = (Qw/d¢ — v)/a

w = circular natural frequency

AV,Ay = difference operators

Introduction

HE purpose of this paper is to present an exact solution,

to the point that beam and shell theory are exact, for the
free vibration of a circularly cylindrical shell which is freely
supported at its ends and reinforced by ribs of symmetrical
As will be shown, the natural frequencies are
determined by the vanishing of a 4 X 4 determinant the
form of which will be presented, and the normal modes are
deseribed by the products of discrete and continuous fune-
tions. The results are independent of the number and spac-
ing of the ribs except that they must be spaced equally, and
therefore the analysis can be useful in evaluating the accuracy
and range of validity of other analyses which are based on
simplifying assumptions predicted on closely spaced ribs.
Furthermore, the results will aid in interpreting the complex
spectrum obtained in vibration tests of stiffened shells.

The basis of most analyses has been replacement of the
actual structure by an equivalent continuum, that is to say
a continuous shell whose properties are chosen so as to repre-
sent, at least in a gross sense, those of the original structure.
Thus the analysis reduces essentially to choosing a method
of averaging the effects of the discrete elements with those of
the continuous elements, either by “smearing out” the
stiffener properties or by replacing the shell with one made
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of an orthotropic material. Representative of these are
Refs. 1, 2, and 3. For shells with closely spaced stiffeners,
a frequency analysis based on an equivalent orthotropic
shell eould be expected to give reasonable results, as is the
case. In the case of shells with only a few stiffeners, the
equivalent continuum can no longer represent the true motion
of the structure, and the calculated natural frequencies in
general are inaccurate. In either case, however, the mode
shapes determined in this type of analysis represent the true
motion only in a gross sense, and it is not possible to calculate
the true state of stress in the vibrating structure, as might
be necessary in dynamic response studies, for example.

Some authors have accounted for the discreteness of the
stiffeners in an approximate way. Taking a viewpoint
opposite to the equivalent continuum, Wah* lumped the
stiffness effects of the curved panels between stiffeners with
those of the stiffeners and obtained a difference equation
which he solved for a freely supported boundary. The
criticism of the method of the equivalent continuum applies
also to that of Wah, in that though the frequencies and
nodal displacements are probably accurate, when the results
of the theory are applied within its range of validity (aceord-
ing to Wah this is when the motions are primarily radial),
they do not permit detailed calculation of the structural be-
havior. A more recent paper® reported an analysis using the
Ritz technique that accounted for the discreteness of the
stiffeners in an approximate way by calculating the potential
energy of the stiffeners using the same functions as for the
shell elements, thus foreing compatibility. This analysis is
also approximate in that it represents the motion of the shell
in the circumferential direction by trigonometric functions,
which is not the case as will be shown later. This paper
gives an excellent bibliography of the work done on the
vibration of shells stiffened by both rings and stringers.

Schnell and Heinrichshauer® presented a numerical pro-
cedure based on a transfer matrix approach, the derivation
of which was based on Donnell’s shell equations. They
accounted for the discreteness of the structure correctly by
representing the panel motion by the dynamic stiffness ma-
trix. Their method is useful for caleculating the vibrational
characteristics of nonregular shells, those with nonsimilar
beams and panels. The paper by Bartolozzi’ also analyzes
this problem, accounting for the discreteness of the struc-
ture, but some highly restrictive assumptions as to the nature
of the vibration limit the usefulness of the results. In essence
he obtained the frequency equations for two particular types
of motion which result from the more general analysis to
follow.

A stringer stiffened shell is in reality a composite structure
composed of segments of curved panels connected along their
straight edges to flexible beams. It has the characteristic
that it is continuous in one direction, that parallel to the axis
of revolution, with its behavior governed by the differential
equations of beam and shell theory, and diserete-continuous
in the circumferential direction. The behavior circumfer-
entially is therefore governed by difference equations ex-
pressing the interrelation of the discrete beams as well as the
differential equations of the curved elements. (More cor-
rectly, the dynamies problem is governed by partial differ-
ence-differential equations, since the time is also involved,
but because the problem under consideration in this paper is
one of free vibrations and the time variable is easily separated,
this distinetion is not important.)

This paper presents a derivation of the equations of the
composite structure. Only approximations which are in the
theory of beams and shells or approximations the effects of
which are known are used. The equations are for the par-
ticular case of a freely supported shell, and the coefficients of
the frequency determinant, which as will be seen is just of
order four, is derived, as is the functional form of the modes.
The results of the solution of the vibration of several shells
are presented.
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Analysis

The derivation of the frequency equation for the total
structure proceeds as follows. First the equilibrium equa-
tions of a typical stiffening beam are obtained. Included
in the equations are the beam elastic and inertia forees, and
the forces acting on the beam from the adjoining curved
panels. Next, all of the variables in the beam and panel
equations will be expressed as trigonometric functions which
satisfy the freely supported conditions at each end of the
shell. This solution reduces the panel equations to a set of
linear, ordinary differential equations with constant coeffi-
cients with the angle ¢ as the independent variable. The
solution of these equations is straightforward, which makes
it possible to express the forces along an edge ¢ = constant
in terms of the deformations along those edges, which are
the intersections of the panel with the adjacent stiffening
beams. In turn, the edge deformations are related geo-
metrically to the beam centroidal deformations. Because
the edge forces of a particular panel are functions of the de-
formations of both of its edges, the result of substituting the
expressions for the edge forces into the beam equations is a
set of difference equations in terms of the beam deformations.
Finally, these difference equations are solved for the complete
cylinder and the frequency equation is determined.

Rib Equations

The six equilibrium equations of a rib are obtained by
balancing the beam stress resultants, panel edge forces, and
the inertia forces. For the problem of free vibration, the
time derivatives are replaced by — w?, the square of the circu-
lar natural frequency.

The derivatives of the beam forces are related to deforma-
tions by the theories of stretching, twisting, and bending of
bars. Substitution of the formulas for a uniform Timo-
shenko beam?!? including rotatory inertia gives after some
rearranging as the beam equations

EA@D%Y0X2 + po/ENU +8 — 8" =0

o L pet (| B\ 0 puid
——EIzl: +E<1+G> }V—i—

oxX+ ox* ~ El,
a(S + 8
(P — Py + 0@ + Q) + a 225 _ g
oxX
1)
. 0t pw? Exy\ 0* pw?d -
B [aX4+ B (1 R ) ox? EIY] W
' oS — &
g2<Q _Q,) _gl(P+P,) “ELO‘T) =0

0F | pw? ) ,
GIX(&'Z G>e+(egz—gx)(P—P)+

L@t QT Q)RR =0

Here, E, G, and v are the usual elastic constants and kz, ky are
the shear constants. The stress resultants and the coordinate
systems are defined in Figs. 1 and 2. The primes denote
the edge forces acting on the negative Y face of the rib.
The mass density of the material is p, the radius of the middle
surface of the panels is a, the cross-sectional area of a stiffener
is 4, tis the time, g1 = b/2a, ¢» = (1 — @:)V?, g = ¢/a, and
the moments of inertia of a stiffener about the indicated axes
are [x, Iy, Iz. The width, b, and eccentricity, e, of a stiffener
are shown in Fig. 3.

Solutions to the beam equations of motion which satisfy a
freely supported boundary, defined by N = V = W = 0 =
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Fig. 1 Panel stress resultants.

M =PR=0attheends X = 0, L are

v V; -
I: W} = |: W]-:| sine; i(, U = U, cosa; X 2)
o ej_ a a

in which o; = jma/L,j = 1,2, ..., and L = length. Itis
anticipated that the shell edge forces are given by

P(z,0) P;(¢) . .
Qo) | = Qi(e) |sine; =, S,¢) = S;(¢) cosa; =
R(z,¢) Bi() N 4
With these solutions, Eqs. (1) become
EA[—(a;/0)* + pw*/E|U; + S; ~ 83 =0
_ AN AN Exz\ _ pAe?
EIZ[(a) E<a> <1+ 0) EIZ}V”L

g(P; — P'y) + (@ + Q7)) — asqu(S; + 85 =0

o\ _ e (ae)? Eey) _ pde®) o
s (5) - £ (%) () -

gi(Ps + P')) + g:(Q; — Q'3) + gs05(S; — 87) =0
- N2 2
Glxl:—(%> + B*;“:| 0; + (eg: — g (P; — P'y) +
b
5 g+ 9@ +@5) +R, —R'; =0
which in matrix notation is
KM; + G;7S; — G'18%; = 0 @

in which U;,7 = [U;V,W;6;], S;7 = [S,P,;Q;R;], and

1 + a;01 ;03 0
G, =10 @ Fa egs — gn*
’ 0 +g go

=b(gz +.g2)/2
0 0 0 1

When a double sign is written in the previous equation, the
lower sign refers to the G’ matrix. Otherwise the signs are
the¥same for both G; and G’;, The three components of
deformation and the rotation of the middle surface of a panel
at its edge in terms of the deformations of the centroid of the
adjoining rib are G;U; and G',;U, for the positive and negative
Y sides, respectively.

Fig. 2 Rib stress resultants.
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Fig. 3 Stiffener detail.

Panel Equations

The equations of motion of a thin shell in circularly c¢ylindri-
cal coordinates z,¢ can be written in terms of the middle sur-
face displacements u, v, w, as a set of linear partial differential
equations. It is assumed that the panels are thin so that
transverse shear deformations and rotatory inertia effects
are negligible, and therefore the set of equations is of eighth
order. Donnell’s equations’ were used for the numerical
examples presented later in the paper. For completeness
these equations are given in the Appendix. What follows
here, however, is valid for any thin shell theory based on
these assumptions. Particular solutions that satisfy the
freely supported boundary conditions N = v = w =M =0
at theendsz = 0, L are

If

u; () cosay(z/a)
v; (@) sinay(z/a)

u(z, )
v(x,0)
wiz,0) = w;(e) sing;(r/a)

It

Substitution of these solutions into the panel equilibrium
equations shows that the motion uncouples into harmonics
in the 2 coordinate direction. The modal solutions can
therefore be obtained for each harmonic individually. The
result is a set of linear, homogeneous, ordinary differential
equations for the jth harmonic in terms of the displacements
u; (@), v;(¢), w;(p). These equations contain explicitly the
frequency w as a parameter. The solution is straightforward,
of the form

[u; (@i (@)w;(@)] = [B1;B2C;] exp(se) 4

in which Bij, By, C; are constants. This substitution gives
a homogeneous set of algebraic equations whose determinant
must vanish. The result is an eighth-order polynomial in
the complex roots, s, containing as parameters the frequency,
w, the term «;, and the properties of the shell. The eight
roots, s, give eight solutions for the displacements, which
can be written as

8
[ui{Q)vi(@w; ()] = kz_:l [B1#Ba*C*] exp(sie)

There are just eight independent constants, and it is con-
venient to express the solution in terms of one set of the
constants, say the C/*, by substituting Eq. (4) into the panel
equations and solving for Bi# and Bsj* in terms of C;5. The
result for the displacements is

u(e) = A(o)C (%)

in which C is the 8 X 1 vector of independent integration
constants and

u’(¢) = [u(e)v(P)w(e)P(e)]

where @ is the rotation of an element normal to the middle
surface of the panel. In these equations and hereafter the
harmonic index j is omitted for simplicity. The elements of
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the A matrix are frigonometric and hyperbolic, obtained
directly from the exponential form.

Equation (5) gives the variation in ¢ of the displacements
for the jth harmonic in terms of the integration constants
C;* for a typical panel between stiffeners. Because of the
symmetry of a panel, the solution is composed of a symmetrie
part and an antisymmetric part. In evaluating the forces
induced by the shell on the stiffening ribs in terms of the rib
deformations, an almost impossible algebraic problem is made
tractable by considering symmetric and antisymmetric mo-
tions separately. The total forces and motion are the super-
position of these two effects.

Symmetrical deformations are defined as those which are
physically symmetrical about the z axis of the panel. For
symmetrical motion, the formulas for « and w are symmetrie
functions, those for v and ¢ are antisymmetric. Formulas
for the deformation components for symmetric motion are
obtained from Eq. (5) by setting equal to zero the coefficients
of antisymmetrical components of w. The four remaining
constants can be expressed in terms of the deformations at
the edges of the panels from u.(¢) = A¢)C; by C, =
A'~lu’,. The convention introduced here is that for a
variable f(¢), the functional notation refers to the variable
at an arbitrary angle ¢, while the notation f, f/ refers to the
value of the function at ¢ = —¢1 and ¢ = ¢, respectively.
The panel displacements in terms of the deformations at
the edge ¢ = ¢ are u(¢) = A(e)A’"Lu',. Because of
symmetry of the motion, the deformations at the edges can
be written as u’s = (@’ + Iu)/2. The matrixI'isa 4 X 4
diagonal with elements 6,;(—1)i*7, where §; is the Kronecker
delta. In the interior of the panel the deformations are

u:(¢) = A(@A" (' + Tu)/2 (6)

Equations of the Stiffened Shell

Now number the 7 stiffeners r = 0,1,2, ..., n — 1 and
designate as the rth panel that joining ribs r and r 4+ 1.
The equations developed to this point apply to a generic
stiffener and panel, but in reality the deformations and
forces of the stiffener are functions of the discrete variable
r. For clarity the functional notation U(r) will be intro-
duced, with similar notation for the forces.

The G matrices relate the panel edge deformations to the
centroidal deformations of the adjoining stiffener as u’(r) =
G'U(r + 1) and u(r) = GU(r), from which and Eq. (6)

uw(er) = A(@A'LIGUr + 1) + IGUMI/2  (7)

In summary, Eq. (7) expresses the symmetric part of the free
vibration panel deformations, for the jth z eoordinate har-
monie, in terras of the centroidal deformations of the stiffen-
ing beams lying along the panel boundaries.

Finally required for substitution into the beam equilibrium
equations are the panel stress resultants expressed as func-
tions of U(r). Write the force-deformation equations as

S(er) = Euley) ®)

The forces in symmetric motion follow from Eqs. (7) and
(8). WithH, = EA.(¢)|,— ., the edge forces on the negative
face of the rth stiffener are S’.(r — 1) = HA'"L[G'U({r) +
IGU(r — 1)]/2. The positive face edge forces on the rth
stiffener are, because of the symmetry of the motion, S,(r) =
—IS’(r).

Through similar calculations, one computes the deforma-
tion and forces for the antisymmetric component of the mo-
tion as

wler) = A(@A'L[GUr + 1) - IGUM)]/2 (9
S (r —1) = HA'L[G'U{r) — IGUr — 1)]/2
S.(r) = IS'.(r)
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The total forces are the sum of the symmetric and anti-
symmetric components. Substituting the force expressions
into the beam equilibrium equations, Eqgs. (3), gives the equa-
tion of motion in terms of the vector of centroidal deforma-
tions of the rth stiffener and the two adjacent stiffeners.
With the definitions K, = G'THA’"L,G’ and K, =
G'TH,A'~1,G’ and the identity G’ = IGI, the equilibrium
equation can be put in the following form:

KU(r) + 3K, — K)IU( — 1) +
[(Ks + Ka) + I(Ks + Ka)I]U(T) +
IK, —K) U+ 1)} =0

The products (HA'"%) and (H,A’"1,) are symmetric, since
they are the stiffness matrices for the panel for symmetric
and antisymmetric motion. The K, and K. matrices are
therefore symmetric and ki* = k.5 ky® = kj@, where ke,
ki are the elements of K, and K.. -

Following Dean ? it is convenient to introduce a symmetric
and an antisymmetric difference operator, defined in terms
of the Boole shift operator® Eif(r) = f(r + i) by AV = E~1 —
2 + Eand Ay = (—E' + E)/2. With these operators
the equations of motion become

K:+K)U@r) =0 (10)

The operator matrix, Ki, is defined in the Appendix.
Equation (10) forms an eighth-order set of ordinary differ-
ence equations in terms of the stiffener deformations, U(r),
and the frequency, w. The difference equations are linear,
and because the structure is regular, that is the panels and
stiffeners are all similar, they have constant coefficients.
The general solution for a segment of a shell with arbitrary
boundaries along two generators is straightforward, though
algebraically involved, and results in eight independent
constants?® of summation. In this particular case, in which
the structure is a complete eylinder, periodicity in the cireum-
ferential coordinate, r, makes the solution particularly easy.
Let

Ur) U* cos@2rm/n)r
Vir) V* sin(@wm/n)r
Wi(r) = W* cosmm/n)r
o(r) O* sin(2wm/n)r

Substituting these solutions into Eq. (10) and carrying out
the indicated difference operations? give four homogeneous
algebraic equations for the amplitude of the motion, U*.
Write these equations as (Ki, + K»)U* = 0. Then, setting
the determinant of the coefficients of these equations equal
to zero,

m,r =012 ...,n~—1 (11)

Il

K, = Ki. +K)| =0 12)

determines the frequency of vibration. The matrix K, is
given in the Appendix.

For a particular frequency, Eqgs. (10) and (11) determine
the modal functions of the ribs in terms of one deformation
chosen arbitrarily. The modal deformations of a panel, say
the rth lying between ribs r and » + 1, follow from summing
Egs. (7) and (9). Carrying out this operation and using
the solutions of Eq. (11) give for the modal functions of the
rth panel

u(e;r) = [As(w)As“G'Tl Coszi;m (r+ % +
A (0)A,G'T, sinZWTm o+ D :|U* (13)

in which T; and T are 4 X 4 diagonal matrices, the first with
terms cos, sin, cos, sin, and the second with terms —sin, cos,
—sin, cos, all funetions having the argument =m/n.

The geometry of the panels and stiffening beams and the
material properties determine the vibration characteristics
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Fig. 4 Frequency vs m for a shell with many stiffeners.

of the rib stiffened shell analyzed, the natural frequencies of
which are the roots of Eq. (12). Two integer parameters
appear in this equation: the integer j, defined by Eq. (2),
which prescribes the continuous z coordinate variation of the
deformations, and the integer m which prescribes the circum-
ferential variation of the deformation of the centroids of the
stiffening beams. For a pair of integers, j,m there is an
infinite number of vibration frequencies, the modes of which
vary both in the modal ratios determined by K,,U* = 0 and
in the number of waves in the panel deformations between
adjacent stiffeners. In determining the frequency spectrum
for a cylinder, one choses the integers 7,m and solves for the
frequencies required. By systematically varying jom one
arrives at the complete frequency spectrum in the range of
interest.

The procedure for finding a particular frequency is as
follows. Assume a value for w and solve for the roots s of
the frequency polynomial of the panel. Next, calculate the
elements of the frequency equation, Eq. (12). Because of
the symmetry of K,, there are just ten different terms. Now
compute K,|. If K,| = 0 the assumed value of o is a
natural frequency; if not make another choice and repeat
the process.

Discussion and Conclusions

The form of Eq. (12) shows that except for the eigenvalue,
w, the geometric and material properties of the shell elements
and the integers j and m specify the coefficients of the matrix.
The integer j is the number of half waves in the modal de-
formation in the axial direction (equivalently, the number
of antinodes); m is the number of complete circumferential
waves on a plot of the rib deformation. The modal vector
for each eigenvalue in general is unique, so that though for a
given integer pair the variation of the components of stiffener
displacement is the same, expressed by Eqgs. (11), the relative
amplitudes are different. In the usual case, the lowest fre-
quency is associated with relatively large radial displacement
compared to the tangential components. Also, for each of
these eigenvalues the motion of the panels between stiffeners
differs. For example, for the case in which m = 0, for which
all stiffeners deform identically, the panels move with a differ-
ent number of nodes between adjoining ribs for each of the
different frequencies in the spectrum.

In comparing the present analysis with those using an
equivalent continuum or “‘smeared out” stiffener properties,

ATAA JOURNAL

it is important to keep in mind that the circumferential mode
number as used in this analysis is not the number of waves
in the panels, such as might be observed in a vibration test,
but is the number of waves in the deformation pattern of the
ribs. For example, in Ref. 1 the radial deformation, in the
notation of the present paper, is taken as

w(z,p) = C sin(jwz/L) cosme

in which case m is the number of waves in the deformation
pattern of the skin. The true motion of the panels is not
just trigonometric but is trigonometric and hyperbolic, so
that the assumption of trigonometric waves in the panel
deformation pattern is not correct. When there are many
closely spaced ribs, the gross behavior is similar to that of a
continuous shell, and the integer m is then approximately
equal to the number of circumferential waves.

Usually, the important frequencies are in the low range,
and therefore determining the minimum frequeney assumes
importance. The lower frequencies always oceur for a single
half wave modal function in the axial direction (7 = 1). The
value of m which gives the lowest frequency depends on the
shell geometry, and it is not possible to determine from the
characteristic equation just which value of m gives a mini-
mum frequency, other than by caleulating the lowest fre-
quency for a range of m values and then selecting the absolute
minimum of these. Again, if there are many stiffeners the
problem is simplified because of the similarity between the
reinforced shell behavior and that of an unstiffened shell,
since the value of m which gives the minimum frequency is
very close to or equal to the value giving the minimum fre-
quency of the unstiffened shell, and therefore results of an
analysis of an unreinforced shell can be used to obtain a
first estimate of the appropriate value of m.

The solution of the difference equations is valid for the
rangem = 0,1,...,n — 1, as indicated in Eq. (11). Inspec-
tion of Eq. (12) shows, however, that an eigenvalue calcu-
lated for a value of m’ = n — m is the same as that calculated
for m. Therefore, if the k;; are the elements of the K,, matrix
for an assumed eigenvalue (not necessarily correct) caleulated
for m, and k’;; are the elements for the same assumed eigen-
value caleulated for m’, then ki; = k’;;(—1)?*i. Thus, the
K’,, matrix can be obtained from the K,, matrix by an even
number of successive sign changes of rows and columns,
which means that K,,| = [K’,|. Therefore, the same value
of w causes each to vanish and they have the same eigen-
values. Further, components of the modal vectors are re-
lated by U* = U*, V¥ = —V* W* = W* 0% = —0*,
In words, the eigenvalues calculated for m and m’ are equal,
and the eigenvector for m’ is the same as that for m with the
shell turned end to end. This is a result of the rotational
symmetry of the shell and indicates that there is no preferred
direction for the motion. This is not the case in general, for
example for a stiffened sheet which does not form a closed
shell. Equation (10) is an eighth-order set of difference
equations, and therefore there are eight independent summa-
tion constants in the solution whose values depend on the
boundaries along the edges parallel to the ribs. The solu-
tions are discrete trigonometric and hyperbolic functions
without the property of repeating for m’ = n — m. A practi-
cal consequence is that in defining the frequency spectrum
for a complete shell, the eigenvalues must be caleulated only

for the range m = 0,1,2, ..., n/2.
Two special cases of interest are the rotationally symmetric
modes, m = 0, and the antisymmetric modes, m = n/2.

Setting m = 0 in Eq. (11) and expanding the determinant
give [kntks — (kis)?][knoksue — (ku®)?] = 0. Vanishing of
the first factor gives the frequency corresponding to radial and
axial motion only with all ribs moving in phase, with no
tangential deformation or rotation of the ribs. The seeond
factor vanishes for an eigenvalue corresponding to tangential
deformation and rotation only. TFor each of these types of
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motion, however, the panels undergo motion in every
coordinate.

The frequency equation for the second case, m = n/2, is
lkuoksse — (k132)2)[kastka — (k2e5)?] = 0. The motion here
is uncoupled as in the first case except that adjacent ribs are
out of phase by 180°. These are the particular types of
motion studied in Ref. 7.

It should be noted in passing that Fq. (10) is not limited
to eylindrical panels between ribs, but is valid for any panels
which are surfaces of translation, including as special cases
plates and membranes, and which are freely supported at
the ends. For all but the simplest forms, the stiffness
matrices K, and K, would have to be generated numerically.

Inimplementing Eq. (12) for solution, Donnell’s equations®
were used in deriving the terms k;;* and k4. These equations
are displayed in the Appendix. The further approximation
of eliminating the in-plane inertia terms from the panel
equations reduced the eighth-order polynomial for the roots,
s, of the panel equations to a quartic in s? which could be
solved explicitly. The in-plane inertia of the panels was
accounted for approximately by replacing the beam mass in
the U, V equations by the term p(4 4 2ah¢). In other
words, in-plane inertia effects were lumped, while radial
inertia was considered distributed. Finally, the shear de-
formation and rotatory inertia terms were eliminated from
the beam equations. These approximations limited the
range of validity to thin shells, slender beams, and modes
with many circumferential waves. This includes an im-
portant class of problems, but extension to other problems
by use of a more accurate shell theory would be relatively
simple, the most difficult obstacle being determining the
roots s for each assumed value of the frequency if in-plane
inertia effects were retained.

Two examples, one with closely spaced stiffeners and the
other with only a few stiffeners, are given to illustrate
the results of the study. These were calculated on the
IBM operating system 360, at the Triangle Universities
Computation Center, Research Triangle Park, N. C.
Each solution required less than five seconds. The first,
which has 200 ribs, is the configuration studied in Ref. 1.
Figure 4 shows the frequency of vibration as a function of the
circumferential mode number, m, which has approximately
the same meaning as in the reference since the ribs are closely
spaced. The curves are obviously valid only for integer
values of m. The data given in the reference were used ex-
cept for the value of p which was not given. A value of
p = 0.259 X 1073 Ib. sec?/in.4, typical for aluminum, was
assumed. The higher curve in Fig. 4 gives the frequencies
for externally mounted stiffeners. The considerable lower-
ing of the frequency resulting from internal mounting of
the ribs is shown by the lower curve, particularly in the region
of the minimum frequency. Some frequencies from the
reference are shown as points in the figure. These were
taken from a small drawing and contain some error. The
dashed curve gives the frequencies of the same shell without
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feners.

stiffeners. For the higher frequencies, the modes of which
have many circumferential waves, the addition of stiffeners
lowers the frequencies, apparently because the added mass is
more dominant than the additional stiffness. It is possible
to lower the entire spectrum by adding ribs, the extreme case
being concentric ribs with essentially no bending stiffness.

The second example is a shell with just five stiffeners.
The radial mode shape corresponding to the lowest natural
frequency (A = 0.1487, m = 1, 7 = 1) is shown in Fig. 5.
Only half the mode is shown since the shell and mode are
symmetric about the diameter passing through the zeroth
rib. In the figure, the continuous curve is the radial deforma-
tion of the middle surface and the dashed curve is the solution
to the rib deformation, cos(2mmr/n). Note that there are
19 waves in the modal pattern in the panels, whereas for the
same shell with no ribs, the frequency is only slightly less
(N = 0.1468) and there are 18 circumferential waves in the
deformation pattern. Thus, the ribs, for this particular
case, serve mainly to modify the amplitude of the deforma-
tion, resulting in the curve shown in Fig. 5 with the beat type
pattern. Figure 6 shows the effect of the change in the
minimum frequency caused by a variation in the number of
ribs on the shell of the second example. The erratic nature
of the shell behavior due to stiffening is indicated by the
lower end of the spectrum as well as by the fact that there is
no pattern as to at just what value of m the minimum
frequency occurs.

In summary, this paper has presented an analysis of the
free vibration of a freely supported circularly ecylindrical
shell which is reinforced by equally spaced ribs. The anal-
ysis is exact to the point that beam and thin shell theories
are exact, which is to say there are no approximations such as
lumping of mass, smearing of rib effects, or replacing the
actual shell with an approximating continuum such as an
orthotropic material. In the examples the in-plane inertia
effects were lumped, but though this greatly simplifies the
numerical work it is not imperative in the analysis. It is
possible to reduce the order of the panel equations by using
membrane shell theory.** This is of very little help, however,
except in the case m = 0, since the resulting equations still
require digital computer calculation. It is possible with a
membrane theory to obtain a formula in the m = 0 case for
the frequencies, but this is of little value since it is the bend-
ing that establishes the minimum frequency.

Appendix

In terms of displacements, Donnell’s equations®® describing
the free vibration of a cylindrical panel are
o 1 — »ou 1+v o% v ow 1

it haliad) hdad N2y —
ox? 20% O¢? 20 QxQ¢ t a Ox + a? Nu =0
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Where A\? = pw?2?(l — v%)/E. Ignoring the in-plane inertia components and substituting the solutions of Eq. (4) enable one
to write the polynomial for the roots s as (h/a)2(s? — aB%/12 + (1 — vHat — N%(s®2 — a2)? = 0. The eight roots are, with

¢z = (h/a)?/12(1 — »?),
SN

== (c[za eSTE

(o=r-

l:gcaz(l)\z_ Vz):lz}uz)uz + a2)1/z

Now number the roots so that s, s, s;, 84, are real, the remainder imaginary. The solution matrices can now be written as

Vs CO8S5¢ Y1 CO8S7¢

— s sind;e — B sinse

€0835¢ _ cosSr¢ _

—(1/a) (355 — Bs) sinsse —(1/a)(3; — Br) sinFre
vs sinSse v1 sinsre N
B cossse B cosiio
SinSse B sind; ¢ _ J
(1/a)(3s — Bs) cosSse (1/a) (37 — B1) cosSre

= Bifork = 1,2,34 and 5,

v1 cosh3; ¢ 7vs coshSze
A, = vﬁl Sinh§1<p 63 sinh§3<p
* 7 | ecoshdi@ B coshsze _
(1/a)(51 — Bi) sinhdip (1/a) (583 — Bs) sinh3;
71 sinh§; e 93 sinh3ze
A = B1 coshs B3 cosh3se
. sinh3; @ _ sinh3;¢ _
(1/a)(51 — B1) coshsip (1/a)(3s — Bs) coshise
in which 8; = s:[a?(@2 + ») — 82}/(8? — a®)? vi = a(s® + va?)/(s:2 — a?)?, and § = s, B.
—(—=1)V2g, B, = — (—1)V2B,fork = 5,6,7,8. The E matrix for the jth harmonic is
rl —vp i 11—
2a deo 2a @
_re il
Eh a a de
E=—"——
1 — 2
0 0
0 0

The K, and K., matrices appearing in Egs. (10) and (12) are

]:Cu Sin2[.l, - kns ]EIZ sin2p.
K - ]_612 sin2u —]1}22 sin2u - ]C22“
im ]_013 sinz,u — ]Cl.?.s l_ng Sill2p,
k14 sIn2u —koa sin?y — ko
]-ﬁgAV -+ 4]9113 —27012AM
K, = }_ gkuAM —kg_zAV "|— 4]022“
1 2 ]{Jl_sAV + 4k133 —‘2]{)23AM
2k —kuAV + 4k
where ki; = ki — ki and g = mm/n.
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